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I. INTRODUCTION
Borate crystals compared to the well known inorganic compounds 1 exhibit promising features which make them useful in numerous applications in laser and nonlinear optics. Owing to their ultraviolet (UV) transparency, borate crystals play a very important role in the UV application. Also, they exhibit high damage threshold for laser radiation. In the recent years, the borate crystals have been extensively investigated and several promising crystals were found, namely, CsLiB 6 . They have measured the energy band gap and the refractive indices.
As there is a dearth of information on the linear, nonlinear optical properties, and the hyperpolarizability of alkali-metal/ alkaline-earth-metal fluorine beryllium borate NaSr 3 Be 3 B 3 O 9 F 4 single crystal, we address ourselves to a comprehensive theoretical calculation based on the density functional theory (DFT) within the state-of-the-art full potential linear augmented plane wave (FPLAPW) method, which has proven to be one of the most accurate methods for the computation of the electronic structure of solids within DFT. 18, 19 The optical properties give deep insight into the electronic structures and the physical properties of materials. Therefore, we have calculated the linear, nonlinear optical properties, and the hyperpolarizability of alkali-metal/alkaline-earth-metal fluorine beryllium borate NaSr 3 Be 3 B 3 O 9 F 4 single crystal. This is a natural extension to previous works. 16, 17 
II. DETAILS OF CALCULATIONS
The linear optical response and second harmonic generation (SHG) of alkali-metal/alkaline-earth-metal fluorine beryllium borate NaSr 3 Be 3 B 3 O 9 F 4 single crystal are investigated by means of DFT. We have employed the state-of-theart FPLAPW method in a scalar relativistic version as embodied in the WIEN2k code. 20 Different possible approximations for the exchange-correlation potential were used. Alder local density approximation (CA-LDA) 21 and Perdew, Burke, and Ernzerhof generalized gradient approximation (PBE-GGA), 22 which is based on exchange-correlation energy optimization to calculate the total energy. As is well known, band gaps are underestimated in LDA and GGA. To overcome this drawback, we have used the Engel-Vosko generalized gradient approximation (EV-GGA). 23 We find that the value of the band gap is significantly enhanced to be 6.20 eV but still below the experimental value (7.28 eV) 16, 17 by about 1.08 eV. Therefore, we applied the recently modified Becke-Johnson potential (mBJ) 24 which brings the energy gap (7.20 eV) very close to the experimental one. The modified Becke-Johnson potential allows the calculation of band gaps with accuracy similar to the very expensive GW calculations. 24 It is a local approximation to an atomic "exact-exchange" potential together with a screening term. The atomic positions obtained from the X-ray diffraction data (XRD) data are optimized by minimizing the forces acting on each atom using GGA-PBE. We assume that the structure is totally relaxed when the forces on each atom reach values less than 1 mRy/a.u. The KohnSham equations are solved using a basis of linear APWs. The potential and charge density in the muffin-tin spheres are expanded in spherical harmonics with l max ¼ 8 and nonspherical components up to l max ¼ 6. In the interstitial region, the potential and the charge density are represented by Fourier series. Self-consistency is obtained using 300 k * points in the irreducible Brillouin zone (IBZ). The linear optical susceptibilities were calculated using 800 k * points, whereas for the nonlinear optical susceptibilities, we used 1800 k * points in the IBZ.
III. RESULTS AND DISCUSSION

A. Linear optical response
The alkali-metal/alkaline-earth-metal fluorine beryllium borate NaSr 3 Be 3 B 3 O 9 F 4 single crystal crystallizes in the non-centrosymmetric trigonal space group R3m. 16 Hence, two components of the optical dielectric tensor components completely define the linear optical susceptibilities. These are the imaginary parts e xx 2 ðxÞ ¼ e yy 2 ðxÞ and e zz 2 ðxÞ of the dielectric tensor. The imaginary parts can be calculated using the following expression:
This expression is taken from Ref. 25 , where m, e, and h are the electron mass, charge, and Planck's constant, respectively. f c and f v represent the Fermi distributions of the conduction and valence bands, respectively. The term p i cv ðkÞ denotes the momentum matrix element transition from the energy level c of the conduction band to the level v of the valence band at certain k-point in the IBZ and V is the unit cell volume. According to the dipolar selection rule, only transitions changing the angular momentum quantum number l by unity are allowed.
As borate NaSr 3 Be 3 B 3 O 9 F 4 single crystals possess a wide direct energy band gap (7.20 eV), it is expected to be an active optical material suitable for deep ultraviolet optical applications. The optical functions are calculated using four types of exchange correlation potentials (CA-LDA, PBE-GGA, EV-GGA, and mBJ). We find that only mBJ approach brings the energy gap in excellent agreement with the experimental one, therefore we represent only the results obtained by the mBJ approach. The imaginary part of the optical function's dispersion for different incident light polarizations [1 0 0] and [0 0 1] with respect to the crystalline axes is illustrated in Fig. 1(a) . The absorption edges (optical gap) for e 
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From the imaginary and real parts of the optical function, we can evaluate the refractive indices nðxÞ, birefringence DnðxÞ, absorption coefficient IðxÞ, and reflectivity RðxÞ. The calculated refractive indices n xx ðxÞ and n zz ðxÞ as represented in Fig. 1(c) exhibit high values at low energies which reach its maximum peak between 7.5 and 8.5 eV then drop to lower value. The two components of the refractive indices exhibit strong anisotropy between the two polarization directions. Using the existence information of the refractive indices, the birefringence (DnðxÞ ¼ n xx ðxÞ À n zz ðxÞ) can be obtained. The obtained values of the birefringence and the corresponding refractive indices at the static limit are listed in Table I , along with the previously calculated and measured values, 16, 17 good agreement is found. Furthermore, we should emphasize that previously we have performed similar calculations on several compounds using CA-LDA, PBE-GGA, and EV-GGA, and found that the calculated refractive indices are in good agreement with experiment. In our previous work on KTiOPO 4 4 . Therefore, the present calculation obtained using mBJ is expected to be close to the experimental values. Fig. 1(d) shows the reflectivity spectra of NaSr 3 Be 3 B 3 O 9 F 4 . At low energies between 0.0 up to 7.0 eV, the crystal shows a very low reflectivity then rapidly increases with increasing the energy of the incident photons. The two components of the absorption coefficient illustrated in Fig. 1(e) indicate that the absorption edge occurs at 7.20 eV which confirms that the crystal under investigation is suitable for deep ultraviolet applications.
B. Second harmonic generation
Since NaSr 3 
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GGA, EV-GGA, and mBJ. Since mBJ brings the calculated energy gap very close to the experimental one, therefore we will present the results obtained by mBJ. It is well known that the nonlinear optical properties are very sensitive to the energy band gap's value, 27 -32 thus in addition to mBJ approach, we introduce a quasi particle self-energy corrections at the level of scissors operators in which the energy bands are rigidly shifted to merely bring the calculated energy gap closer to the experimental gap. Fig. 2(a) illustrates the absolute values of jv ðÀ2x; x; xÞ component is zero below the half band gap (E g =2). We should emphasize that at above E g =2 the 2 x resonance starts to contribute, 34, 36 and at above the fundamental value of the energy gap (E g ), the x resonance begins to contribute in addition to 2 x resonance. Therefore, one can see that the maximum peaks in the imaginary and real parts of v ð2Þ 111 ðÀ2x; x; xÞ component occur above the value of E g . Fig. 2(c) depicts the contributions of x and 2 x resonances to the total nonlinear optical susceptibilities, it is clear that x and 2 x resonances can be further separated into inter-band and intra-band contributions with opposite signs throughout the frequency range. In order to resolve the spectral features of the obtained v ijk ðxÞ, which in turn is responsible for the high SHG response. [39] [40] [41] For the dominant component jv ð2Þ 111 ðxÞj, we have calculated b 111 at the static limit and at k ¼ 1064 nm, the expression for calculating b ijk is given elsewhere. 38 We have found that these values are equal to 0.5 Â 10 À30 esu at static limit and 0.6 Â 10 À30 esu at k ¼ 1064 nm. We would like to mention here that in our previous works, [27] [28] [29] 36, [42] [43] [44] we have calculated the linear and nonlinear optical susceptibilities using FPLAPW method on several systems whose linear and nonlinear optical susceptibilities are known experimentally, in those previous calculations, we found very good agreement with the experimental data. Thus, we believe that our calculations reported in this paper would produce very accurate and reliable results.
IV. CONCLUSIONS
Based on the density functional theory, we have calculated the hyperpolarizability, linear optical response, and second harmonic generation of NaSr 3 Be 3 B 3 O 9 F 4 single crystals. Calculations were performed using the state-of-the-art FPLAPW method in a scalar relativistic version as embodied in the WIEN2k code with four types of exchange correlation potentials, namely, CA-LDA, PBE-GGA, EV-GGA, and mBJ. We should emphasize that mBJ brings the calculated energy gap (7.20 eV) very close to the experimental one 
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